I. Introduction.
In order to use the contraction mapping fixed point theorem it is necessary to find a set mapped into itself such that the mapping is a contraction on that set. Because of the difficulty in finding the appropriate set mapped into itself, the contraction map theorem has been used mostly in cases where the mapping is a global contraction. Since this can impose severe restrictions, some authors have used the idea of simultaneously trying to determine a set mapped into itself and a contraction constant for that set. We present here a convenient formalization of this idea using derivatives in a Banach space. An application given in the present paper is to the existence of a subharmonic solution to a differential equation.
II. The contraction mapping theorem.
The following is proven in [1, p. 661 ]. If X is a Banach space and P maps a convex closed subset & of X into itself and if P has a derivative at every point of fi, then sup ||P'(z)|| = a < 1 (II-l) isa implies that P is a contraction on ft (and thus there is a unique fixed point of P in ft).
The following simple theorem is a help in applying the above result. Then there is a unique x* £ £2 such that x* = F(x*) where ft = {x: x £ B, ||x -So|| < /c/(l -a)}.
Proof.
It is easily shown that ||F'(x)|| < a for all x £ ft and that F maps 0 into itself. Thus, using the above quoted result from [1] , there is a unique fixed point in ft.
Remarks, (i) See [1] for further discussion of fixed point theorems and differentiation in Banach spaces.
(ii) This result is less general than the version of the contraction mapping theorem given, e.g., on pp. 28, 29 of [2] , but it seems simpler to apply when applicable. It is oftea a simple matter to find an appropriate function g.
(iii) It may sometimes be useful to obtain a bound on the first derivative by using the second Frechet derivative. The appropriate condition is fc2 + fc3fci/( 1 -a) < a, a £ [0, 1) with \\F(x0) -x0|| < A:, , \\F'(x0)\\ < k2 and ||F"(aO|| < h , j£!i.
III. The existence of a subharmonic solution to Duffing's equation.
Our modification of the contraction mapping theorem is admittedly very simple. However, because of its simplicity, it seems to be useful in obtaining quick answers to some interesting problems. As an illustration, we shall consider the existence of a subharmonic solution to a differential equation. We get an explicit bound on the difference between an approximate and the exact solution.
Harmonic balance has indicated and experiment has verified the existence of a § subharmonic solution to Duffing's equation The integral on the right-hand side of (III-4) defines an operation y = LN(x) where L is defined by the linear integral operation. We are thus interested in fixed points of LN(x). The method of harmonic balance as used in [3] finds an approximate solution x0 satisfying
where L is defined as follows:
LN(x)(t) = X) a* c°s k ~ t + bt sin k ~ <• (111-8)
Given an x" satisfying (III-6), we wish to determine if there is an x* satisfying 
196S1 NOTES 465
For this case, C = 0.58 and it is found that a = 0.17 satisfies (III-ll) and further that \\x* -Xo|| < 0.0039/(1 -0.17) = 0.0047 (111-13) max |x*(t) -x0i(t) | < 0.0047 (111-14) t
Conclusion.
Problems of the type of Section III are discussed further in [6] ,
